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Path and Path Deviation Equations for
p-branes
M.Pavsˇicˇ1 and M.E.Kahil2 3
Abstract
Path and path deviation equations for neutral, charged, spinning and spinning charged test particles,
using a modified Bazanski Lagrangian, are derived. We extend this approach to strings and branes. We
show how the Bazanski Lagrangian for charged point particles and charged branes arises a` la Kaluza-Klein
from the Bazanski Lagrangian in 5-dimensions.
1 Introduction
Theories of relativistic extended objects, called branes, have become one of the most
promising branches of research in theoretical physics (for a review see [1]). They are a
natural generalization of the concept of point particle. Branes occur at microscopic scale
as a part of string/M-theory, or as fundamental objects of their own. On the macroscopic
scale, a 3-brane living in a higher dimensional embedding space, can describe the entire
universe. For a review of many aspects of embedding and the ‘brane world’ scenarios
see [2].
A starting point of a brane theory is the Dirac-Nambu-Goto action, which gives the
brane equations of motion—a generalization of the point particle geodesic equation. As
in the case of the point particle, the embedding space in which the brane moves can be
curved. It is important to understand how a brane moves in such a classical background
space, and how it deviates from the motion of a nearby brane. A pioneering work in that
direction has been done by Roberts [3, 4].
Geodesic deviation equations for the point particle has been extensively studied in the
literature. This is important, because from studying the free fall of two nearby objects we
obtain the information on curvature of spacetime by using geodesic deviation equations.
For instance, Ellis and Van Elst [5] used such equations for studying the structure of cos-
mological models. Recently, Wanas and Bakry [6] utilized geodesic deviation equations to
examine the stability of some celestial objects. Also, there are some attempts by Roberts
[7] who quantized geodesic and geodesic deviation equations. Bazanski [8] discovered a
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very powerful method to obtain the geodesic and geodesic deviation equations from one
single Lagrangian. Some authors, have applied this approach for examining path equa-
tions in different geometries than the Riemannian [9], testing the effect of extra force on
dynamical motion of spiral galaxies due to dark matter [10] and expressing the required
paths of polyvectors as defined in curved Clifford spaces [11].
The aim of this work is to derive the equations of minimal surface and minimal surface
deviation by using a generalized version of the Bazanski Lagrangian for p-branes. In
section 2 we review how this works for the point particle (p = 1), and explain how Bazanski
Lagrangian [8] can be extended to include not only neutral point particles but also charged,
spinning and spinning charged particles. In section 3 we present the relevant equations
of minimal surface and minimal surface deviation for p-branes, and the case of spinning
and charged p-branes as well. In section 4 we show how the Bazanski Lagrangian for
charged point particles and charged p-branes follow a` la Kaluza-Klein from the Bazanski
Lagrangian in 5-dimensions. Finally, we give some concluding remarks on how this work
could be extended.
2 The Bazanski Approach for the Point Particle
Geodesic and geodesic deviation equations for a relativistic point particle can be obtained
simultaneously by using the Bazanski Lagrangian [8]:
L = gαβu
αDψ
β
Ds
. (1)
Here uα ≡ dXα/ds, where Xα are the particle’s coordinates, and s the proper time,
whereas ψβ is the s-dependent deviation vector, associated with a one parameter family
of geodesics Xµ(s, ǫ) according to [8]
ψµ = ǫ
∂Xµ
∂ǫ
∣∣∣∣∣
ǫ=0
. (2)
Performing the variation of the action
I[Xα, ψα] =
∫
dsL (3)
with respect to the deviation vector ψρ, we obtain the geodesic equation:
duα
ds
+
{
α
µν
}
uµuν = 0 (4)
If we vary the action (3) respect to Xρ, then we obtain the geodesic deviation equation:
D2ψα
Ds2
= Rαβγδψ
γuβuδ (5)
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The above Lagrangian can be generalized [12] to include the coupling of a charged
particle with the electromagnetic field:
L = gαβu
αDψ
β
Ds
+
e
m
Fαβu
αψβ. (6)
Then, instead of eq. (4), we obtain
duα
ds
+
{
α
µν
}
uµuν =
e
m
F µνu
ν . (7)
On the other hand, if we consider the Lagrangian
L = gαβu
αDψ
β
Ds
+
1
2m
Rαβγσu
αψβSγσ, (8)
we obtain [12] the Papapetrou equation:
duα
ds
+
{
α
µν
}
uµuν =
1
2m
RαµνρS
ρνuµ, (9)
which, together with DSµν/Ds = 0, is the equation of motion for a relativistic top moving
in a gravitational field background. The latter equation for Sµν means that our object
does not precess. In the Lagrangian (8) we consider the spin tensor Sµν as a fixed quantity
that is not varied. Later we shall consider an action in which also Sµν is a dynamical
variable.
Dixon equation for rotating charged objects
duα
ds
+
{
α
µν
}
uµuν =
e
m
F µνu
ν +
1
2m
RαµνρS
ρνuµ (10)
follows from the Lagrangian that combines eqs. (6) and (8):
L = gαβu
αDψ
β
Ds
+
e
m
Fαβu
αψβ +
1
2m
RαµνρS
νρuµ. (11)
Whilst the conventional Bazanski Lagrangian (1) gives geodesic and geodesic deviation
equations, the trajectories of charged and spinning objects can be obtained from the
modified Lagrangians (6), (8). This has led Kahil [12] to suggest the following general
Lagrangian:
L = gαβu
αDψ
β
Ds
+ fβψ
β (12)
where
fβ = a1Fαβu
β + a2RαβγδS
γδuα,
Here a1 and a2 are parameters that may take the values
e
m
and 1
2m
to be adjusted with
the original Lorentz force equation and the Papapetrou equation as well as the Dixon
equation.
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Let us now consider the deviation equations that correspond to Lagrangians (6), (8),
and (11).
( i) Charged deviation equation:
D2ψα
Ds2
= Rαµνρu
µuνψρ +
e
m
(F αν
Dψν
Ds
+ F αν;ρu
νψρ) (13)
( ii) Rotating deviation equations (without precession)
D2ψα
Ds2
= Rαµνρu
µuνψρ +
1
2m
(RαµνρS
νρDψ
µ
Ds
+RαµνλS
νλ
;ρu
µψρ +Rαµνλ;ρS
νλuµψρ) (14)
(iii) Rotating charged deviation equations:
D2ψα
Ds2
= Rαµνρu
µuνψρ +
e
m
(F αν
Dψν
Ds
+ F αν;ρu
νψρ)
+
1
2m
(RαµνρS
νρDψ
µ
Ds
+RαµνλS
νλ
;ρu
µψρ +Rαµνλ;ρS
νλuµψρ) (15)
The above deviation equations (13),(14), and (15) can also be derived directly from the
equations of motion (7),(9), and (10), respectively. For example, Nieto et al. [13] derived
in such a manner the deviation equation (14) from eq. (9) for two nearby tops.
Papapetrou [14] has formed an equation of a rotating object which is able to precess:
D
Ds
(muα + uβ
DSαβ
DS
) =
1
2
RαµνρS
ρνuµ (16)
Kahil has suggested the following Lagrangian [12]:
L = gαβ(mu
α + uβ
DSαβ
Ds
)
Dψβ
Ds
+
1
2
RαβγδS
γδuαψβ (17)
which gives the Papapetrou equation (16), and the following path deviation equation:
D2ψα
Ds2
=
1
m
Rαµνρu
µ(muν + uβ
DSνβ
Ds
)Ψρ − 1
m
gασgνλuβ(
DSλβ
Ds
);σ
Dψν
Ds
+
1
2m
(
RαµνρS
νρDψ
µ
Ds
+RαµνλS
µλ
;ρu
νψρ +Rαµνλ;ρS
νλuµψρ
)
(18)
Let us now consider the following action
I[Xα, ψα, Sαβ, ψαβ ] =
∫
ds
[
gαβ(mu
α + uρ
DSαρ
Ds
)
Dψβ
Ds
+
1
2
RαβγδS
γδuαψβ
+Sαβ
Dψαβ
Ds
− uρ(DSαρ
Ds
uβ −
DSβρ
Ds
uα)ψ
αβ
]
(19)
which generalizes the action that corresponds to the Lagrangian (17). The action (19), in
addition to the particle position Xα, and the deviation vector ψα, is a functional of the
4
spin tensor Sαβ and the spin deviation tensor ψαβ. The latter quantity is defined with
respect to a 1-parameter family of spin tensors Sαβ(s, ǫ) according to
ψαβ = ǫ
∂Sαβ
∂ǫ
∣∣∣∣∣
ǫ=0
(20)
The variation of the action (19) with respect to ψα gives again the Papapetrou equation
(16), whereas the variation with respect ψαβ gives
DSαβ
Ds
+ uρ(
DSαρ
Ds
uβ −
DSβρ
Ds
uα) = 0, (21)
which is the equation of of motion for the spin derived by Papapetrou [14].
Introducing
pα = muα + u
βDSαβ
Ds
(22)
we can write eq. (21) in the form
DSαβ
Ds
= −(pαuβ − pβuα). (23)
The variation of the action (19) with respect to Xα and Sαβ , gives a coupled system
of equations for the deviation vector ψα and the deviation tensor ψαβ . But, if we use the
spin equations of motion (21) in the action (19), then the terms containing ψαβ become
Sαβ
Dψαβ
Ds
+ DS
αβ
Ds
ψαβ , which is equal the total derivative D
Ds
(Sαβψαβ). Therefore, the extra
terms have no influence on the equations of motions for variables Xµ and ψα, and we
remain with the system, described by the action (16)-(18).
3 The Bazanski Approach for the Brane
In this approach we are going to introduce the following Lagrangian as a counterpart of
the Bazanki Lagrangian for the geodesic and geodesic deviation equations of the branes
in curved embedding space:
L = κ
√
ffabgµν∂aX
µDbΨ
ν . (24)
Here κ is the brane tension, fab is the inverse of the induced metric on the brane, fab ≡
∂aX
µ∂bX
νgµν , f ≡ σdetfab, where σ is plus or minus sign, so that f is positive regardles
of the signature of fab, and ∂aX
µ is the vector velocity on the brane. The brane sweeps a
worldsheet which is parametrized by coordinates ξa, its embedding functions beingXµ(ξa),
and ∂a ≡ ∂/∂ξa. Ψν is the deviation vector field, associated with a one parameter family
of minimal worldsheets Xµ(ξa, ǫ) according to
Ψν = ǫ
∂Xµ
∂ǫ
∣∣∣∣∣
ǫ=0
. (25)
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A Lagrangian, similar to (24), but with the ordinary derivative ∂bΨ
µ, instead of the
covariant derivative DbΨ
µ = ∂bΨ
µ + ΓµρσΨσ∂aX
ρ, is considered in ref. [4].
Applying the variation with respect to the deviation vector Ψν , the Euler-Lagrange
equation becomes
1√
f
∂c(
√
ffac∂aX
µ) + fabΓµαβ∂aX
α∂bXβ = 0, (26)
which can be written more compactly as
Dc(f
ac∂cX
µ) = 0. (27)
where Dc ≡ D/Dξa is analogous to D/Ds, and denotes the covariant derivative with
respect to the embedding metric gµν and the world sheet metric fab (see eq.(35).
Let us now derive the corresponding Euler-Lagrange equation, obtained by varying
the action (24) with respect to Xµ:
∂c
∂L
∂∂cXα
− ∂L
∂Xα
= 0 (28)
Using
∂
∂Xα
(√
ffab
)
=
1
2
√
f(f effab − faef bf − faff be)∂eXρ ∂fXσ gρσ,α (29)
∂(
√
ffab)
∂∂cXα
=
√
f(f cffab − facf bf − faff bc)∂fXσgασ (30)
and
∂cΓ
ν
ασ = ∂ρΓ
ν
ασ∂cX
ρ (31)
we obtain
DcD
cψα + R
ν
ασρ gµν ∂
cXµ∂cX
ρψσ
+ (1/
√
f )∂c
[√
f(f cffab − facf bf − faff bc)∂fXσgασ∂aXµDbψνgµν
]
− 1
2
(f effab − faef bf − faff be)∂eXρ ∂fXσ gρσ,α∂aXµDbψνgµν = 0 (32)
where √
f DcD
cψα = ∂c(
√
fDcψα)−
√
f ΓλραD
cψλ∂cX
ρ (33)
Eq.(32) is the equation of motion for the deviation vector. We can rewrite it in a more
compact form by taking into account
∂c
√
f =
√
f Γdcd, ∂cf
ab = −fae Γbec − f be Γaec (34)
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where Γbec is the connection on the brane’s world manifold, and using the covariant deriva-
tive defined according to4
DaDbψ
µ = ∂aDbψ
µ − ΓcabDcψµ + ΓµρσDbψσ∂aXρ. (35)
So we arrive at the following deviation vector equation:
Dc(D
cψα + ∂
cXα ∂
bXµDbψµ − ∂bXα∂cXµDbψµ − ∂bXα∂bXµDcψµ)
+ Rνασρ gµν ∂
cXµ∂cX
ρψσ = 0, (36)
which can be written compactly as
Dc(f
cb
αµDbψ
µ) +Rνασρ gµν ∂
cXµ∂cX
ρψσ = 0, (37)
where
f cbαµ ≡ f cbgαµ + (f cdfab − facf bd − fadf bc)∂dXα∂aXµ. (38)
Since the covariant derivative of the metric vanishes, Dcf
ab = 0, eq. (36) or (37) can
be written in the form
(gαµ − ∂aXα∂aXµ)DcDcψµ − 2DcDaXα ∂cXµDaψµ +Rνασρ gµν ∂cXµ∂cXρψσ = 0. (39)
Special case: Point particle
Let us now consider a special case, in which the dimensionality of the branes world
manifold is n = 1, i.e., the case of a point particle. Then eq. (36) becomes:
f 00D0(D0ψα − ∂0Xα∂0Xµf 00D0ψµ) + Rνασρ gµν f 00∂0Xµ∂0Xρψσ = 0 (40)
Now f 00 = 1
f00
, f00 = ∂0X
µ∂0X
νgµν ≡ X˙µX˙νgµν . So we have
D
Dτ
[(gαβ −
X˙α X˙β
X˙µX˙νgµν
)
D
Dτ
ψβ] +Rνασρ gµνX˙
µX˙ρψσ = 0. (41)
This is the point particle geodesic deviation equation derived by Bazanski [8].
Our action is invariant under reparametrizations of the world manifold coordinates ξa.
So there is a freedom to choose a gauge. In the case of the point particle, we can choose
a gauge such that
X˙µ√
X˙2
Dψµ
Dτ
= constant. (42)
Then eq. (41) simplifies to
D2ψα
Dτ 2
+Rνασρ gµνX˙
µX˙ρψσ = 0. (43)
Such equation we had in section 2 where we used the gauge in which τ was equal to the
proper time s.
4We distinguish the two kinds of connection by indices only. In this case, such simplified notation
does not lead to confusion.
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3.1 Charged and spinning branes
In order to describe a charged bran moving in a gravitational and electromagnetic back-
ground field, let us generalize the Lagrangian (24) as follows:
L = κ
√
ffabgµν∂aX
µDbΨ
ν + eaFµνΨ
µ∂aX
ν , (44)
where ea is the charge current density on the brane [15]. Applying the variation with
respect to the deviation vector, we obtain
Dc(f
ac∂cX
µ) =
ea
κ
√
f
F µν∂aX
ν . (45)
In the case of spinning (rotating) brane, the corresponding path equation which is the
counterpart of Papapetrou equation of spinning particles, is obtained from the Lagrangian
L = κ
√
ffabgµν∂aX
µDbΨ
ν +
1
2
fabRµνρσΨ
ν∂aX
µSρσb . (46)
Here Sρσa is the spin density current on the brane, such that the integration over the
brane’s world sheet surface element dΣa gives the total spin, Sρσ, of the brane:∫
dΣaSρσa = S
ρσ. (47)
An example of such rotating or spinning brane is considered in ref. [16], where the extrinsic
curvature term is added to the minimal surface action. The brane’s spin then arises from
the extrinsic curvature.
The variation of (46) with respect to the deviation vector on the brane gives
Da(f
ab∂bX
µ) =
1
2κ
√
f
fabRµνρσ∂aX
νSσρb . (48)
The above equation of motion is a particular case of the equation that was derived in
ref. [16] for the brane with extrinsic curvature.
The deviation equation for the charged brane can be obtained by taking the variation
of (44) with respect to Xµ. So we obtain:
Dc(f
cbαµDbψµ) = R
α
µνρ∂aX
µ∂aXνΨρ +
ea
κ
√
f
(F ανDaΨ
ν + F αν;ρ∂aX
νΨρ) (49)
Similarly, by taking the variation of (46) with respect to Xµ, we obtain the deviation
equation for spinning brane:
Dc(f
cbαµDbψµ) = R
α
µνρ∂aX
µ∂aXνΨρ +
1
2κ
√
f
(RαµνρS
νρ
a D
aΨν
+RαµνλS
µλ
a ;ρ∂
aXνΨρ +Rαµνλ;ρS
νλ
a ∂
aXµΨρ). (50)
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4 Kaluza-Klein Approach
Instead of considering a charged object in 4-dimensions, we can consider a neutral object
in 5-dimensional curved spacetime with metric GMN , M,N = 0, 1, 2, 3, 5. In the case of a
point particle, the Bazanski Lagrabgian reads
L = M GMNU
M Dψ
N
DS
. (51)
Here, constantM is the mass in 5-dimensions, UM ≡ dXM/dS, ψN the geodesic deviation
vector, and DψN/DS = dψN/dS + ΓˆNJKψ
JUK is the covariant derivative with respect to
the 5-dimensional line element dS = (GMNdX
MdXN)1/2.
For the 5-dimensional metric tensor we will take the following Ansatz:
GMN =
(
gµν + AµAν Aν
Aµ 1
)
(52)
This is a simplified version of a more general 5D metric that, besides the 4D metric gµν
and the vector field Aµ, also contains the scalar field φ = G55.
Using the relations
ψ5 = G5Nψ
N = ψ5 + Aνψ
ν (53)
U5 = G5NU
N = U5 + Aνψ
ν (54)
the Lagrangian (51) can be written in the form
L = M
(
gµνU
µDψ
ν
DS
+ U5Aν
Dψν
DS
+ U5
Dψ5
DS
)
(55)
Further, if we take into account5 DAν/DS = 0, then we have
L = M
(
gµνU
µDψ
ν
DS
+ U5
Dψ5
DS
)
(56)
The components of the 5-dimenional connection split according to
Γˆµνλ = Γ
µ
νλ +
1
2
(AλF
µ
ν AνFλ
µ), (57)
Γˆ5µν =
1
2
(∇µAν +∇νAµ)−
1
2
Aρ(AνFµρ + AµFνρ), (58)
Γˆµ5ν =
1
2
F µν , Γˆ
5
5µ = −
1
2
AνFµν , Γˆ
µ
55 = 0, Γˆ
5
55 = 0. (59)
From
Dψν
DS
=
dψν
dS
+ ΓˆνJKψ
JUK , (60)
5Recall that Aν = G5ν , i.e., some components of the metric.
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Dψ5
DS
=
dψ5
dS
− ΓˆM5NψMUN , (61)
and ψM = GMJψ
J , i.e., ψµ = Gµρψ
ρ + Gµ5ψ
5, ψ5 = G55ψ
5 + G5µψ
µ, where Gµρ =
gµρ + AµAρ, we find
Dψν
DS
=
dψν
dS
+ Γνρσψ
ρUσ +
1
2
U5Fρ
νψρ (62)
Dψ5
DS
=
dψ5
dS
− 1
2
F µν U
νgµρψ
ρ (63)
The Lagrangian (56) thus becomes
L = MgµνU
µ
(
dψν
dS
+ Γνρσψ
ρUσ
)
+MU5 Fρµψ
ρUµ +MU5
dψ5
dS
, (64)
and the action is
I =
∫
LdS =
∫
L
dS
ds
ds =
∫
ds
[
mgµνu
µ
(
dψν
ds
+ Γνρσψ
ρuσ
)
+ e Fρµu
µ + e
dψ5
ds
]
. (65)
where
e =MU5 = M
dX5
dS
= m
dX5
ds
, ds = (gµνdX
µdXν)1/2 (66)
m =M
ds
dS
, and uµ =
dXµ
ds
. (67)
The Lagrangian in eq. (65) is just like that in eq. (6), apart from the additional term
e dψ5/ds. One must also bear in mind that e = MU5 =M(U
5+AνU
ν), and that because
e depends on Uν = dXν/dS, it contributes to the variation of the action with respect to
Xν , so that besides the terms occurring in eq.(13) we obtain the additional term
F αλU
λ
[
dψ5
dS
+ Fρµψ
ρUµ
]
(68)
If we perform the variation with respect to X5, we obtain the deviation equation for the
fifth component of the deviation vector:
d
dS
[
dψ5
dS
+ Fρµψ
ρUµ
]
= 0. (69)
The latter equations are in agreement with the equations derived by Kerner et al. [17]
directly from the geodesic deviation equation in five dimensions. Kerner et al.[17] observed
that the expression in square brakets of eq. (68) satisfies equation (69), and is thus a
constant of motion. In particular, if the latter constant of motion is zero, then we have
a one-to-one correspondence between the geodesic deviation equation in 5 dimensions,
derived from the action (65) and the usual deviation equation (13) in presence of the
electromagnetic field in 4 dimensions. Those results hold for a particular Ansatz (52)
with G55 = 1.
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In the case of a p-brane, the Lagrangian (24) can be extended to
L = κ
√
ffabGMN∂aX
MDbΨ
N , (70)
where M,N = µ, 5. A similar procedure as for the point particle gives
L = κ
√
ffab
[
gµν∂a(∂bΨ
ν + ΓνρσΨ
ρ∂bX
σ) + ∂sX5FρµΨ
ρ∂bX
µ + ∂aX5∂bΨ5
]
, (71)
which can be written as
L = κ
√
ffabgµν∂aX
µ(∂bΨ
ν + ΓνρσΨ
ρ∂bX
σ) + eaFρµΨ
ρ∂aX
µ + ea∂aΨ5, (72)
where ea ≡ κ√ffab∂bX5. We see that the Lagrangian (44) is embedded in the Lagrangian
(72) which comes from five dimensions. Instead of five, we can consider more dimensions
of the embedding spacetime.
5 Discussion and Conclusion
Since branes are so important objects considered in the attempts to develop a unified
theory of fundamental interactions, quantum gravity and the brane world cosmological
models, we feel that such tasks require a thorough knowledge of all aspects of the brane
theory, starting with the most basic ones such as the classical equations of motion. We
have shown how the path equations of motion for branes and the corresponding deviation
equations can be obtained from a single Lagrangian (24), which is a generalization of the
Bazanski Lagrangian. If a physical system consists of many branes, then their relative
motion can be described in terms of the deviation equations. We have considered the
minimal surface deviation equation (37), and the deviation equations for charged and
spinning (rotating) branes.
The Bazanski action in 5-dimensions can be split into the action for a charged object
(point particle or a brane) in 4-dimensions plus the extra terms. The latter terms enable
distinction between the 4-dimensional and the 5-dimensional or, in general, a higher
dimensional, theory. Deviation equations for charged point particles and branes can thus
be used in testing the presence of extra dimensions.
A possible extension of the p-brane path and path deviation equations is an analogous
set of equations in the brane configuration space [18], a theoretical framework which has
a potential to explain a deeper geometric principle behind brane theory.
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